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Abstract. El-categories are a simultaneous generalisation of finite groups and finite 
quivers without oriented cycles. It is therefore a natural question to ask for a charac- 
terisation of finite representation type. For special classes of El-categories a complete 
characterisation is obtained using quiver techniques. For El-categories with two ob- 
jects we present a necessary criterion for finite representation type. The complexity 
of this classification problem is illustrated by some examples. 
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I. Introduction 



An El-category C is a category in which every endomorphism is an isomorphism. 
For a fixed base ring k the associated category algebra to a finite El-category C is 
denoted by kC. It has as basis the set of morphisms in C with multiplication induced 
by composition of morphisms. Hence, the category algebra of a finite El-category is a 
simultaneous generalisation of several important constructions in representation theory, 
such as the group algebra of a finite group, the path algebra of a finite quiver without 
oriented cycles or the incidence algebra of a finite poset. 

It is therefore a natural question to ask for a classification of the representation-finite 
El-categories or more precisely a classification of the finite El-categories which lead to 
to a representation-finite category algebra over a field k. 

As this is the first serious investigation of representation type of El-categories, we 
will start with a couple of basic observations. The first one will lead us to the con- 
struction of the endotrivialisation of a given El-category which is an El-category with 
only trivial endomorhpisms attached to the given El-category. The endotrivialisations of 
representation-finite El-categories will turn out to be finite posets of finite representation 
type. 

The analysis of examples will illustrate that, as one should expect, the representation 
type of El-categories (also those not arising as group algebras) depends on the character- 
istic of the underlying field. A lack of methods will also become visible in the examples 
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since neither quiver nor poset or group techniques apply for a distinction of finite and 
infinite representation type. 

Consequently, we will restrict ourselves to a special class of El-categories namely the 
El-categories with two non-isomorphic objects. In this setting a necessary criterion for 
finite representation type is obtained. Roughly speaking the theorem states that for any 
representation-finite El-catcgory C there arc no two non-isomorphic objects x and y in 
C such that the product Aut(,T) x Aut(y) acts freely on C{x,y). 

Finally, we will give a full classification of all representation-finite El-categories that 
admit only two simple representations using quiver techniques. In particular we will 
calculate the Ext-quiver for the associated category algebras and apply covering theory 
in the sense of Bongartz and Gabriel. 
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2. Basic facts and endotrivialisations 

El-categories and their representations first appeared in work of Liick and tom Dieck 
in the 1980s in the context of algebraic K-theory. The whole theory can be embedded 
in the representation theory of small categories. We will restrict ourselves to finite El- 
categories from the very beginning, hence not all definitions and facts are presented in 
full generality. 

Throughout fix a field k. 

2.1. Basic facts about El-categories. 

Definition 2.1. An El-category is a category C in which every endomorphism is an 
isomorphism. If C is a finite El-category, the associated fc-algebra 



kC 



/eMorC 



Xfek 



is a finitely generated unital fc-algebra, sometimes called the associated El-algebra. The 
unit element is "^xeOhC obviously the elements { l^^ | x € ObC } form a set of 

pairwise mutually orthogonal idempotents in kC. These idempotents are in general not 
primitive. 

If we speak of El-categories we will always refer to finite El-categories. A representa- 
tion V of an El-category C over A; is a covariant functor V : C ^ mod k. Morphisms of 
representations are morphisms of functors. Hence, the representations of El-categories 
form an abelian category. 

The following elementary observation relates the concepts of representations of C and 
modules over kC. 
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Proposition 2.2 (Mitchell,^). Let C be a category with finitely many objects and k a 
field. Then the categories Kepj. C and Mod kC are equivalent. This equivalence restricts 
to an equivalence modkC — )• rep^C = Fun(C, mod /c) on the finite- dimensional level. 

Example 2.3. The motivating examples for our work on El-categories are tlie following 
ones. 

(1) Let G be a finite group and let G be the category with one object x and End(x) = 
G. Then Q is an El-category and kQ = kG. 

(2) Let Q be a finite quiver without oriented cycles and Q its path category. Then 
Q is an ELcategory with kQ = kQ. 

Another important example of El-categories is given by partially ordered sets. The 
associated category has only trivial endomorphisms and is therefore EL These particular 
El-categories will play a prominent role later on. 

The second branch of mathematics where ELcategories arise is algebraic topology. 
Fusion categories and transporter categories, recently studied by Broto, Levi and Oliver 
[1], and orbit categories, playing an important role in the theory of finite G-spaces, are 
all ELcategories. 

The set of isomorphism classes of objects of an ELcategory C carries the natural 
structure of a finite partially ordered set induced by the relation 

X <y ^ C{x,y) / 0. 

This poset structure will be used in the characterisation of representation-finite endotriv- 
ial ELcategories. 

2.2. The endotrivialisations of El-categories of finite type. To an arbitrary EL 
category C we will associate another category C with only identity endomorphisms, which 
reflects the global structure of C. This category C will play an important role in the 
analysis of the representation type of ELcategories. 

Definition 2.4. Let / and g be two morphisms in a finite, skeletal ELcategory C. Then 
we define a relation ~ on the set of morphisms of C as follows. 

f ^ g '.'^ f = f"hif' and g = /"/12/' foi" some /", /' G Mor C and endomorphisms hi, /12 

This is clearly a refiexive and symmetric relation. We will consider the transitive hull 
of this relation and denote it again by ~. This relation is also compatible with the 
composition of morphisms in C. Therefore, we get a new category C := C / ^ which is 
by construction an endotrivial category (in particular EI). 

Roughly speaking, C is constructed from C by making all endomorphisms trivial and 
identifying all morphisms x — )> y in the same (Aut(x) x Aut(y))-orbit. By construction 
it has the following important universal property. Suppose that C is an ELcategory and 
F : C ^ T> any functor to an endotrivial category T>. Then this functor F factors via 
a unique functor through the quotient functor G : C ^ C, i.e. the following diagram is 
commutative. 
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Example 2.5. (1) If G is a finite group and C = Q the associated El-category, then 
G consists of one object x and the only morphism is the identity 1^. 

(2) If Q is a finite quiver without oriented cycles and C = Q the path category, then 

C = C. 

(3) If C is the El-category associated to a finite posct {X, <) we get C = C. 

Remark 2.6. (1) An El-category C is not uniquely determined by the category C 
together with its automorphism groups. To recover the entire structure of C one 
needs to know the composition of morphisms which is the same as the whole 
structure of C. Nevertheless, the category C is of great importance for us. As an 
example consider the El-category 



C: fQ 




satisfying the relations = Ix and iif = 12, 12/ = is, hf = H, Hf = ii and 
the El-category 

with the relations g'^ = la and gh = h. Then both C and C' are the path category 
of A2 and C and C have the same automorphism groups. However, they are 
not equivalent and the associated category algebras have completely different 
representation-theoretic properties. We will later see that C is representation- 
infinite and C has finite representation type over any algebraically closed field 
k. ^ 

(2) By construction of C we have the quotient functor G : C ^ C which is the identity 
on objects and surjective on morphisms. This functor induces a fully faithful 
embedding of mod kC into mod kC. The existence of this embedding implies that 
if kC is of infinite representation type then kC is of infinite type as well. It is 
therefore natural to ask for a classification of representation-finite El-categories 
with only trivial endomorphisms as a starting point. 

Theorem 2.7. Let C be an El-category with only trivial endomorphisms. Then C is of 
finite representation type if and only if kC is Morita-equivalent to an incidence algebra 
of finite representation type. 

Proof. Let C be endotrivial and of finite representation type. We have to show that kC 
is Morita-equivalent to an incidence algebra of finite type. The other direction in the 
theorem is trivial. Again, we may (up to Morita-equivalence of kC) assume that C is 
skeletal. 

Since C is representation-finite, there are no objects x,y C with two distinct mor- 
phisms f,g : X ^ y. Otherwise one gets a fully faithful embedding of the category of 
representations of the 2-Kronecker into modkC. Since C is skeletal its set of objects 
carries a natural structure of a finite poset defined by 

x<y:^ 3f eC{x,y). 

Using, that C{x,y) < 1 for all x,y € ObC, we get that kC is the incidence algebra 
associated to the finite poset (ObC, <) and the claim follows. □ 
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Corollary 2.8. Let C be a finite and skeletal El-category and k a field such that kC is 
representation- finite. Then C is a finite poset of finite representation type. 

Remark 2.9. Suppose C is an endotrivial El-category. Then its set of objects naturally 
carries the structure of a finite partially ordered set, but in general it will not be the case 
that C is the category associated to this poset. For instance, take C to be the category 




a 

without any relations. Then the category associated to (ObC, <) is C modulo the relation 
7a = (5/3. 



3. EI-CATEGORIES WITH TWO OBJECTS: FIRST OBSERVATIONS 

The easiest class of El-categories for which the representation type has not yet been 
investigated is the class of El-categories with two non-isomorphic objects. Clearly, a 
representation-finite El-category C with two objects has to satisfy C = A2 and both 
group algebras attached to the two objects have to be of finite representation type. 

An arbitrary El-category algebra kC is representation-infinite if there exists at least 
one full subcategory D C C such that the algebra kV is representation-infinite. There- 
fore, the treatment of El-categories with two objects yields necessary criteria for an 
El-category algebra to be representation-finite. 

3.1. The easiest example. We will now discuss an example of an El-category to 
illustrate the difficulties one faces when dealing with these categories. 

We consider an El-category C with two objects x and y such that End(j;) = (/) = Z2 
and End(y) = {g) = TL^. Under these assumptions there are 5 different El-categories 
that can appear, namely: 

(1) C(x, y) = { « } with i o f = i and g oi = i; 

(2) C{x,y) = { ii,«2 } with / acting trivially on { ii,i2 } and g permuting the two 
morphisms; 

(3) C{x,y) = { ii,i2 } with / permuting ii and ^2 and g acting trivially; 

(4) C{x,y) = { ii,i2 } with / and g permuting ii and i2; 

(5) C{x,y) = { 2i,i2,^3,«4 } with ii o f = i2, i-s o f = i^, g o ii = and g o i2 = i^. 
The second case has briefly been studied by Xu in jlOj . where he claims that this 
category is of infinite representation type in characteristic 2, but the representations he 
constructed turn out to be decomposable and (as we will see later) and the category is of 
finite representation type. It will turn out that the representation type of an El-category 
with two objects is mainly governed by the group action of the endomorphism groups 
on the set of morphisms between the two non-isomorphic objects. 

The representation type of the 5 cases from above is computed via the calculation of 
the Ext-quiver and then the use of quiver techniques. This leads to the following results. 

(1) The computation of the Ext-quiver of kC in characteristic 2 yields the quiver 



Q: „Qo ,0^ 
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We fix this quiver for the remainder of this subsection. 

An easy calculation shows that kC is isomorphic to kQ/I, where I is the 
admissible ideal generated by the zero relations = = 7^ = /3a = 7/?. 
Therefore, kC is a string algebra without any bands and those algebras are 
known to be of finite representation type. Alternatively one can consult the list 
at the end of [3] and see that this algebra is of finite representation type and 
also find its Auslander-Reiten quiver. 

If char(/i;) 7^ 2, then the algebra kC is isomorphic to the path algebra kQ 
where Q is the quiver 

o o 



o y o, 

which is obviously of finite representation type. The other cases are discussed 
analogously and we deduce the following results (with respect to the numbering 
from the beginning of this subsection). 
(2) kC ~ kQ/ {a'^ , /3a) if char(A;) = 2 and this algebra is of finite representation 
type, again as a string algebra without any bands. If the characteristic is different 
from 2, then kC is the path algebra of the representation-finite quiver 



o o 




o y o. 



(3) This situation is dual to the one above. In char(A;) = 2 we have kC ~ kQ/{a'^,^'^, 7/3), 
which again is a string algebra without bands, and in char(A:) 7^ 2 the algebra 
kC is hereditary of finite representation type as the path algebra of the following 
quiver 



o o 




o y o. 



(4) If char(A;) = 2, then kC ~ kQ/ {a'^ , I3a — 7/?). This algebra is representation- 
finite, which can be seen by knitting the AR-quiver using covering theory as we 
explained before (or see for example |5j). If the characteristic is different from 
2, then the algebra kC is isomorphic to the path algebra of the quiver 

o y o 



o y o, 

which is of finite representation type. 
(5) If char(A;) = 2, then we get that kC ~ kQ/{a'^,^'^) which is a string algebra with 
infinitely many bands and therefore it is of infinite representation type. In any 
characteristic different from 2 the algebra kC is hereditary (as we know from 
work of Xu) and in this particular case isomorphic to the path algebra of the 
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following quiver 

o y o 




o y o, 



which is a quiver with underlying Eucledian graph A3. 

3.2. The characteristic plays a role. In this subsection we present an example, which 
shows that the representation type of an El-category algebra kC, which does not come 
from a group, depends on the characteristic of the field k. The reason for this is that 
the same is true for group algebras. The easiest example where different characteristics 
of k yield different representation types is the following one. 

Example 3.1. Consider the El-category 



fl 




with the relations g'^ = 1^, fig = fi, for i = 1,2,3, = ly and hfi = /2, hf2 = fs, 
hh = h- 

We will now show that the associated A;-algebra kC is of finite representation type if and 
only if char(fc) 7^ 2. First of all, we suppose that char(/i;) 7^ 2, 3. Then kC is hereditary 
(and basic) and we compute the Ext-quiver to be 



O )• o 




which is of finite representation type as the union of quivers with underlying graphs Ai 
and D4. 

Now we assume that the characteristic of k is 3. Then the radical of kC is {ly — 
h, fl, /2; /s) and rad^/cC = ((1^ — /i)^, /i — /2, /2 — /s) where ( — ) denotes the A:-span. 
A complete list of primitive, orthogonal idempotents is given by ly, ^{Ix + g), ^(Ix — g)- 
Therefore, kC is isomorphic to the path algebra of the quiver 

O J7, 

o 

bound by the relation 7^ = 0. This bound path algebra is of finite representation type 
since it is the union of Ai with a bound path algebra whose module category can be 

embedded into the module category of fc( o o J p )/ (p^, bp, du, 5pv). The latter is 

known to be of finite type by work of Bautista, Gabriel, Roiter and Salmeron [2j and 
work of Bongartz and Gabriel [3] . 

The last case is the one where char(A:) = 2. Here the radical of kC is {Ix+g, fi, f2, fs) 
and its square is zero. A complete list of primitive, orthogonal idempotents is given by 
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Ix, ^{ly + h + h"^), + e/i + e^/i^), ^{ly + e'^h + eh'^), where e denotes a primitive third 
root of unity in k. Therefore, we deduce for the Ext-quiver of kC the quiver 



o 




o 



and kC is isomorphic to kT / {a^ , l^ia, /32a, P^a). This bound quiver is of infinite represen- 
tation type since its universal cover contains the 4-subspace quiver without relations. It 
is also not difficult to write down a 1-parameter family of indecomposables of dimension 
vector (3, 1, 1, 1). 

The discussion of the first case in the example can be generalised to the following 
Proposition, which provides us with a situation where we can prove that the El-category 
algebras in question always have finite representation type. 

Proposition 3.2. Let C be a finite, skeletal El-category with 2 objects x and y such 
that C{x, y) = { f } and the two groups End(a;) and End(y) are abelian. Let k be an 
algebraically closed field whose characteristic neither divides the order o/End(x) nor the 
order o/End(y). Then kC is of finite representation type. 

Proof. Let n := \ End{X)\ and m := \ End(y)|. 

First of all we note that the algebra kC is hereditary (see Theorem 4.2.4 in [10]) and 
basic since the two groups are abelian. Therefore, it is isomorphic to the path algebra 
of its Ext-quiver. 

Since the groups End(x) and End(y) are assumed to be abelian of order not divisible 
by the characteristic of our field, it is known that kC has exactly m + n isomorphism 
classes of simple modules (see [9] and [7]) and all the simples do not have self-extensions. 
This implies, that the Ext-quiver T{kC) has m + n vertices. Furthermore, we know that 
the fc-dimension of fcC is m -|- n -|- 1. This yields that we have exactly one arrow in T(kC) 
and the claim follows. □ 

4. Free action implies infinite type 

In this section we prove the fact that free action of the automorphism groups of an 
El-category C with two objects x and y on C{x, y) implies infinite representation type 
in any characteristic. This is the most general result we will achieve in our treatment 
of El-categories with two objects. The proof is carried out by considering various cases. 
The most interesting cases will be presented as Lemmata starting with the following 
one. 

Lemma 4.1. Let C be an ELcategory with two non-isomorphic objects x,y and abelian 
endomorphism groups End(x) and End(y) of order > 2 such that the group action of 
End(a;) x End(y) on C{x,y) is free and transitive. Let k be an algebraically closed field 
which characteristic neither divides the order of End(x) nor the order of End(y) . Then 
kC is of infinite representation type. 

Proof. Analogous to the proof in the last section, we have that kC is isomorphic to the 
path algebra of its Ext-quiver which has m + n vertices. Since dim^ kC = m + n + m ■ n 
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there are m ■ n arrows in T{kC). Therefore, the underlying graph of the Ext-quiver is 
not Dynkin. □ 

If both group algebras are not semisimple, we can prove the assertion without con- 
structing representations or computing the Ext-quiver. 

Lemma 4.2. Let C he an El-category with two objects x and y and let k be an alge- 
braically closed field of positive characteristic p dividing both |End(x)[ and |End(y)|. 
Further, we assume that End(x) x End(y) acts freely on C{X, Y). Then kC is of infinite 
representation type. 

Proof. For simplicity we write G := End(x) and H := End(y). We will prove the 
theorem by constructing a fully faithful embedding F : modA;(G x H) —?■ modkC. The 
construction of this functor is rather obvious. For M E modA;(G x H) let F(M){x) = 
M = F{M){y) together with the natural actions of G and if on M given by G x idy 
and idx xif, respectively. Furthermore, we let F{M){C{x,y)) = G x H. This is indeed 
a representation of kC. Now let : M — )• M' be a morphism in modA;(G x H). We 
put F{ij,) = (/i, fj,) which gives a morphism F(M) — )• F{M') of kC modules. Finally this 
functor is fully faithful and fc- linear by construction and it is known that k{G x H) (in 
this particular framework) is of infinite representation type. □ 

Remark 4.3. If C is a skeletal El-category with two objects x, y such that Aut(2;) x 
Aut(?/) acts freely on C(x, y), then we can also localise the category C with respect to the 
set of morphisms S := C{x,y) in the sense of Gabriel and Zisman [6]. This gives a new 
category C[S] and the category of representations of C[S] is equivalent to the subcategory 
of representations of C consisting of all representations V for which V{f) is invertible for 
all / in C{x, y). Then, it is easy to see that this category contains mod(Aut(x) x Aut(y)) 
as a full subcategory as we have seen in the previous proof. 

One should note that the localisation of an El-category is not again an El-category in 
general, but if we assume that the El-category has no parallel morphisms (i.e. \C{x, y)\ < 
1 for all x,y OhC), then every localisation is again EI. 

For cyclic groups the computation of the Ext-quiver is rather easy, which gives the 
next lemma. 

Lemma 4.4. Let C be an EFcategory with two non-isomorphic objects x and y such 
that the action o/End(x) x End(y) on C{x,y) is free and End(x) and End(y) are cyclic 
of order > 2. Then kC is of infinite representation type for any algebraically closed field 
k. 

Proof. In the case of cyclic endomorphism groups one can easily compute the Ext-quiver 
of kC and derive the relations on it such that kC is isomorphic to this bound path algebra. 
One has to distinguish between the cases where the orders of both groups are divided 
by the characteristic, only one of them or none. In all the three cases one ends up 
with infinite representation type. We are not going to present the details here, the 
computations are exactly the same as in the examples we discussed above. □ 

Up to now we have seen several special cases of El-categories with two objects and 
two non-trivial endomorphism groups with free action which are representation-infinite. 
We are now in the position to prove the general statement 

Theorem 4.5. Let C be a skeletal EFcategory with two objects x and y such that the 
groups End(x) and End(y) are non-trivial and their product End(x) x End(y) acts freely 
on C{x, y). Then kC is of infinite representation type for any algebraically closed field k. 
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Proof. The claim has aheady been proven for the case where both group algebras are 
non-semisimple, for the case where both groups are cyclic and for the case of two semisim- 
ple abclian group algebras. To prove the theorem we still have to distinguish between 
different cases. For simplicity denote G := End(X) and H := End(y). 

(a) Suppose that kG and kH are semisimple. We are going to construct an infinite 
family {Vx)x^k* of pairwise non-isomorphic indecomposable representations of C. 
Let X€ k* and define VxiX) = M, Vx(Y) = N where M is a fcG-modulc, N a 
kH-module, both having dimension at least 2. Furthermore we have to choose 
one linear map M ^ N which we want, for some fixed basis, to be given by the 
matrix 



Ax :-- 



/ 1 

A 1 



V : : : : 



where all the dots stand for zeros. For the choice of M and N we again have to 
distinguish different cases. 

(i) Suppose that neither G nor H is abelian. Then we can choose M to be 
a simple A;G-module and A?^ to be a simple kH-module, both of dimension 
> 2. Then, since M and A'^ are indecomposable, it is clear that every Vx is 
indecomposable. We will now show that for X ^ fi we have Va ^ V^- To see 
that, suppose that (0, tp) : Vx V/^ is an isomorphism of fcC-modules. This 
implies that 4> G EndfeG(-^) — k and G FindkniN) = k, which means 
(j) = a ■ 1m and ip = f3 ■ In addition, (p and ip have to be compatible 
with the action of the matrix Ax (defined above) . This gives the equations 
a = /3 and aX = and hence a = /3 = which contradicts the assumption 
that (i^, ip) is an isomorphism. 

(ii) Suppose that H is non-abelian and G is abelian (the other way around is 
dual). Choose A'' as above and put M = k^ with G-action given by the 
matrix (95) where a ^ b and both are non-zero. In other words we want 
M to be the direct sum of two non-isomorphic one-dimensional simple kG- 
modules. In this case we have that EndfcG'(M) = ( § ^. ) and we deduce that 
Vx is indecomposable. As above we see that Vx V/^ ior X ^ fi. 

(b) The last case that has to be treated (again by subdivision into different cases) 
is the case where one of the group algebras kG and kH is semisimple while 
the other is not and not both of them are abelian. We will deal with the case 
where kG is not semisimple and kH is semisimple, the other case can be proven 
analogously. 

We may assume, that the Sylow p-subgroup D of G is cyclic [p = char(A;)), 
since otherwise kG and hence kC is of infinite representation type and we have 
nothing to prove. By standard results from representation theory of finite groups 
we can then choose an indecomposable fcG-module M such that its restriction 
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M has a p-dimensional direct summand on which D acts by the matrix 

/I 1 \ 
1 . 



S 



\ 



If now H is not abehan we choose, as above, a simple /ci/-module with 
dimA^ > 2 and for A G A;* we denote by Ax the same matrix as above. Then 

A\ 

M > N is an indecomposable representation of C. We should now show 

that Va ^ for A / /i. Suppose that {{bij), (Qj)) is an isomorhpism of repre- 
sentations Vx — > V^. Then the matrix (bij) has to commute with the G-action 
on M, in particular with a matrix of the shape ( q ^ ) , where -k is any matrix. 
This gives the conditions 62,1 = and bi^i = 62,2- An endomorphism of iV as a 
module is just a scalar multiple of the identity, i.e. (cjj) = c • 1^. Finally, 
the following diagram has to commute. 



This yields the conditions 61^2 = 0, c = 61^1 = 62,2 and X ■ c = fj, ■ c, which give 
that c = and hence Va ^ V^. If the group H is abelian we replace the module 

from above by a 2-dimensional fe-ff-module which is the direct sum of two 
non-isomorphic one-dimensional simple fci^-modules and get the claim by the 
same computations as we have just done. 

To finish the proof we should consider the case where kG is semisimple and kH 
is not and not both are abelian. In this case the argument is the same as in the 
case we have treated above, only the computations are a little bit different. □ 




5. EI-CATEGORY ALGEBRAS WITH TWO SIMPLE MODULES 

As we have seen, the classification of El-categories of finite representation type gets 
very complicated, even with the assumption that the category has only two objects. The 
distinguishing mark for finite or infinite representation type seems to be the nature of 
the group actions of the automorphism groups on the morphism sets between distinct 
objects. In this section we will give a classification of all representation- finite El-category 
algebras with only two simple modules. This work is motivated by work of Bongartz 
and Gabriel [3j who classified all representation-finite A;-categories with two simples and 
radical of codimension 2. We will compute the Ext-quiver of a given El-category algebra 
with two objects and then use the list of Bongartz and Gabriel. For details on this list 
we refer to [2^ page 242]. 

Until the end of the article k denotes an algebraically closed field of positive charac- 
teristic p. 

Since we want to decide how many simples an El-category algebra kC has and the 
simples of kC are given by the simple modules over the group algebras kAut{x) for 
X G ObC, the following well-known result from representation theory of finite groups is 
useful. 
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Lemma 5.1 (see for example ^j). Let G he a finite group. Then the number of simple 
kG-modules equals the number of conjugacy classes of elements in G whose order is not 
divisible by p. 

The elements of a finite group G of order not divisible by some prime p are called 
p-regular, the remaining ones are called p-singular. Every element of G can be written 
as a product of a p-singular and a p-regular element. Using this fact, we observe the 
following easy but important statement. 

Corollary 5.2. Let G be a finite group such that the group algebra kG has only one 
simple module. Then G is either the trivial group or a p-group for p = char (A;). 

Proof. From the lemma we know that G has only one p-regular element, namely the unit 
Iq. If p does not divide the order of G, then if follows that G = {Iq }■ Suppose that 
p I |G| and let x G G be any element. Then we write x = zy as a product of a p-regular 
element z and a p-singular element y. By assumption we have z = Iq and therefore x 
is p-singular. Hence, every element has order divisible by p and G is a p-group. □ 

Now we can give a full classification of all representation-finite El-categories with two 
simples. The following list is particularly interesting in characteristic 2 and 3. 

Theorem 5.3. Let C be a skeletal ELcategory and k an algebraically closed field such 
that kC has two simple modules. Then kC is of finite representation type if and only if 
it satisfies one of the following conditions. 

(1) C has one object x, the group Aut(x) = MorC has two conjugacy classes of 
p-regular elements and the Sylow p-subgroup of G is cyclic. 

(2) C has two non-isomorphic objects x andy, Aut(x) and K\it{y) are cyclic p- groups 
or trivial groups, the action o/Aut(x) x Aut(y) on C{x,y) has at most one orbit 
and C is a quotient category or its dual is a quotient category of an EL-category 
satisfying one of the following properties. 

(a) \Cix,y)\ < 1. 

(b) I Aut(x)| • j Aut(y)[ < 3. 

(c) char A: = 2, |Aut(x)| = 2, |Aut(y)| = 2^ s > and \C{x,y)\ = 2 with 
Aut(x) acting freely and Aut(y) acting trivially or the generator of Aut{y) 
permuting the two elements ofC{x,y). 

(d) char A; = 3, |Aut(x)| = 3 = |Aut(y)|, = 3 and both Aut(a;) and 
Aut(y) permute the three morphisms in C{x,y). 

Proof. C has at most two objects since every object gives at least one simple fcC-module. 
If C has only one object, then kC is a group algebra and, if it is representation-finite 
with only two simples, it has to satisfy condition (1). 

Suppose that C has two objects x and y. The assumption that kC has two simples 
implies that both A; Aut(x) and A; Aut(y) have one simple module. Hence, they are either 
trivial or p-groups. In case of two trivial automorphism groups, C is the path category 
of the Dynkin quiver A2 which is representation- finite. If one of Aut(a;) and Aut(y) 
is a p-group it has to be representation- finite which means that it is a cyclic p-group. 
Assume that Aut(j;) is a cyclic p-group and Aut(y) is trivial. Then the computation of 
the Ext-quiver of kC yields, that kC is isomorphic to the following path algebra with 
relations or its dual: 

a o — ^— > o , a™ = = /^a", m = p^ , n \ m. 
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According to the Bongartz-Gabriel list, this algebra is representation-finite only for the 
following values of m and n 

• m = 2, n = 1, 2; 

• m = 3, n = 1, 3; 

• m = 4, ra = 1, 2; 

• m > 5, n = 1. 

Any of these cases fulfils one of the conditions from (2). 

Analogously, we assume that both Aut(a;) and Aut(y) are cyclic p-groups. In this case 
kC is isomorphic to one of the following path algebras with relations or its dual: 



/ I rn. 

Again we consult the list of Bongartz-Gabriel and find that (up to duality) only the 
following values for m, n, s and t give a representation-finite algebra: 
For the algebra from (i): 

• any combination of m G {1, 2}, n G {1, 2}, i = 2', / > and s G {1, 2}; 

• m, s > 3 and n = 1 = t. 

For case (ii) the combination t = m = s = n = 3 and n = 1 = i is the only case with 
finite representation type that is not contained in the ones mentioned above. 

Again this fits into our assertion and no other cases can occur, which finishes the 
proof. □ 

Remark 5.4. For the representation-finite El-categories with two simples one can com- 
pute the Auslander-Reiten quiver, since they are either hereditary of Dynkin type or 
occur in the list of Bongartz-Gabriel. For the latter case one again uses covering-theory 
to knit the Auslander-Reiten quiver of the covering and then pushes everything down 
to the algebra itself. 
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